Towards a unified low frequency Stability criterion
15 kV / 16.7 Hz and 25 kV / 50 Hz railway power system
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Abstract
Low frequency voltage instabilities of the AC railway networks are due to the interactions between
modern traction vehicles and infrastructure. These instabilities can lead to a large amplitude modulation
of the catenary voltage that can cause train power supply shut down or damage on traction equipment.
This paper presents a straightforward method for determining the stability limit of a railway power system
which is applicable to both 25 kV / 50 Hz and 15 kV / 16.7 Hz networks. This approach is the first step
to define a unique stability criterion for both networks. The method is based on the stability limit curve of
a traction chain plotted in the complex impedance plane (R, X). The validation of this method is performed
through the use of a HIL (Hardware In the Loop) simulator.

1 Introduction
Low-frequency instabilities that have appeared on
the AC railway networks are due to the massive
introduction of traction vehicles equipped with
Four-Quadrant (4-Q) rectifiers and the increase in
railway traffic. These instabilities appear as an
amplitude modulation of the catenary voltage and
current at very low frequency and can lead to train
power supply shut down. The first case of low
frequency instability that occurred in northeastern
France near the town of Thionville in 2008 is
shown in Fig. 1 [1].

Several studies were carried out in order to
determine the origins of the phenomenon [2], [3],
[4].
The power system composed of a traction chain
and a power supply network can be represented
as a closed-loop system (see Fig. 2). Y is the
admittance of a traction chain and Z is the power
supply network impedance. U0 and Up are the noload voltage and the pantograph voltage,
respectively.

Fig. 2: Closed-loop power system.

Fig. 1: Modulation of catenary voltage and current
measured at the substation in Thionville –
France (25 kV / 50 Hz power supply).

This power system is simulated with the Alstom
HIL simulator (SITRATM). The traction control
device used on the train (AGATE: Advanced
Generic Alstom Transport Electronics) is also used
to control the traction chain simulated in SITRA.
As explained in [5], the power supply and the
traction unit have to be considered as a MIMO
(Multiple-Input and Multiple-Output) system in the
d-q frame. The network impedance matrix 𝑍DQ and
the traction chain admittance matrix 𝑌DQ are given
below:

-
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: 𝑅 and 𝐿 are the resistance and inductance of
the network and 𝜔𝑛 is the nominal angular
frequency of the network. 𝜔 is the perturbation
angular frequency (𝜔 = 2𝜋 ⋅ 𝑓 (2)).
-

𝑌𝑑𝑑 (𝑗 ⋅ 𝜔) 𝑌𝑑𝑞 (𝑗 ⋅ 𝜔)
𝑌DQ (𝑗 ⋅ 𝜔) = (
) (3)
𝑌𝑞𝑑 (𝑗 ⋅ 𝜔) 𝑌𝑞𝑞 (𝑗 ⋅ 𝜔)

In our case, the traction chain is simulated in
SITRA and the admittance matrix components are
determined according to the method proposed in
[3].
The open-loop transfer function of the traction
system can be expressed as:
𝐻𝐵𝑂 (𝑗 ⋅ 𝜔) = 𝑍𝐷𝑄 (𝑗 ⋅ 𝜔). 𝑌𝐷𝑄 (𝑗 ⋅ 𝜔) = 𝑃−1 . 𝐷. 𝑃 (4)
𝜆 (𝑗 ⋅ 𝜔) 0
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) (5): Eigenvalues
0
𝜆2 (𝑗 ⋅ 𝜔)
matrix of the 𝐻𝐵𝑂 (𝑗 ⋅ 𝜔).
-

𝑃: Eigenvectors matrix of the 𝐻𝐵𝑂 (𝑗 ⋅ 𝜔).

It is only necessary to study the stability of each
eigenvalue in order to study the stability of the
traction system since D matrix allows to have two
decoupled SISO (Single-Input and Single-Output)
systems (𝜆1 and 𝜆2 ). The stability criterion of the
SISO system used is based on the Rever’s
criterion applied in the Bode plot: the system is at
its stability limit if at the frequency 𝑓𝑐 for which
𝐴𝑟𝑔(𝐻𝐵𝑂 (𝑗 ⋅ 2𝜋 ⋅ 𝑓𝑐 )) = −180° (6), the module in
dB of the open-loop transfer function is equal to
0 dB.
[5] presents the stability study of a power system
for three given impedance values using the
theorem defined above. The same resistance (R)
value, arbitrarily chosen, was used for the three
tests and only the inductance (L) value was
changed in order to have the three cases of
stability (stable, limit of stability and unstable). The
coherence between frequency analysis and
temporal analysis was also verified.
[6] presents the stability study of a traction chain
(simulated with PC simulation software) supplied
by a 25 kV / 50 Hz network for different values of
(R, L). The stability limit curve of this traction chain
is composed of all the values (R, L) allowing to
verify the criterion defined above.
In this paper, the stability study is carried out on

several projects (traction chain simulated in
SITRA), checking each time the coherence
between the time domain and the frequency
domain.

2 Determination of the traction
system’s stability for different
traction chains
As explained in [6], the stability limit of a power
system is obtained by using three iterative loops.
The first loop is used to modify the value of the
supply network resistance (R); the second loop
modifies its inductance (L) and the third loop allows
to browse all the frequencies for which the
admittance of the traction chain has been
calculated (f). The stability criterion (Rever’s
criterion applied in the Bode plot) has been
adapted by adding phase and gain margins
because the frequency discretization of the
admittance matrix elements does not allow an
exact extraction of the corresponding values of R
and L which bring the system to its limit of stability:
▪ −180° < 𝐴𝑟𝑔(𝜆) < −178°
▪ −0.1 𝑑𝐵 < |𝜆| 𝑑𝐵 < 0 𝑑𝐵

2.1 Traction chain supplied by a
25 kV / 50 Hz network (25 kV Project)
The traction chain considered in this section is
composed of a step-down transformer with two
secondary windings, two (4-Q) rectifiers and a
current source connected to the common DC bus
(see Fig .3). This source represents the current
absorbed by the traction inverters and the auxiliary
inverter. This traction chain is supplied by a
25 kV / 50 Hz network.

Fig. 3: Traction chain simulated in SITRA.

This project (supply network and traction chain) will
be called “25 kV Project” in the rest of this paper.
The stability limit of this system when the power
absorbed on the DC bus (Pdc) is 100 kW was

determined and plotted in the network impedance
plane (R, X = L.ωn (7)) (see Fig. 4).

Unstable

Stable

Fig. 5: Bode diagram of the system's eigenvalues
(25 kV Project - Case 1).

Time domain simulation:
Fig. 4: Stability limit curve of a traction chain supplied
by a 25 kV / 50 Hz network (Pdc = 100 kW).

Three network impedance values were tested in
order to validate this stability study: the first
impedance (R, X) chosen is below the stability limit
curve (stable case); the second impedance (R, X)
chosen is on the stability limit curve and the last
point (R, X) is above the stability limit curve
(unstable case).
For time domain simulations, the voltage source
amplitude has been adapted according to the
network impedance used in order to always have
a pantograph voltage equal to 25 kV. This is due
to the fact that the admittance of the traction chain
was determined by considering that the
pantograph is connected to an ideal voltage source
of 25 kV.
𝑈02 = (𝑅 ⋅ 𝐼𝑐𝑎𝑡 + 𝑈𝑝 )2 + (𝑋 ⋅ 𝐼𝑐𝑎𝑡 )2 (8)
▪ Case 1: Stable system
R = 100 Ω; L = 0.79 H:
Frequency analysis based on admittance matrix
measurement and Rever’s criterion applied to the
system’s eigenvalues:
The Bode diagram of the system’s eigenvalues is
shown in Fig. 5. This system is stable since the
gain of the second eigenvalue is negative when its
phase is around (-180°) and the phase of the first
eigenvalue is always greater than (-180°).

Figure 6 presents the waveforms of the voltage
and the current at the pantograph as well as the
DC link voltage of the traction chain. This timedomain simulation effectively shows that the
system is stable.

Fig.

▪

6: 25 kV Project - Case 1. Time domain
simulations: Pantograph voltage, Catenary
current and DC bus voltage waveforms.

Case 2: System at its stability limit
R = 100 Ω; L = 0.95 H:

Frequency analysis based on admittance matrix
measurement and Rever’s criterion applied to the
system’s eigenvalues:
The Bode diagram of the system’s eigenvalues is
shown in Fig. 7. This system is at its stability limit

since the gain of eigenvalue 2 is almost zero dB
when its phase is around (-180°) and the phase of
the first eigenvalue is always greater than (-180°).
The oscillation frequency is 4.3 Hz.

▪

Case 3: Unstable system
R = 100 Ω; L = 1.18 H:

Frequency analysis based on admittance matrix
measurement and Rever’s criterion applied to the
system’s eigenvalues:
The Bode diagram of the system’s eigenvalues is
shown in Fig. 9. This system is unstable since the
gain in dB of one of its eigenvalues is positive
when its phase is equal to ( -180°).

Fig. 7: Bode diagram of the system's eigenvalues
(25 kV Project - Case 2).

Time domain simulation:
Figure 8 shows the waveforms of the voltage and
the current at the pantograph as well as the DC link
voltage of the traction chain.

Fig. 9: Bode diagram of the system's eigenvalues
(25 kV Project - Case 3).

Time domain simulation:
The waveforms of Fig. 10 clearly show that the
system is unstable. A huge voltage ripple is
observed on the DC bus while the catenary current
shows discontinuities.

Fig.

8: 25 kV Project - Case 2. Time domain
simulations: Pantograph voltage, Catenary
current and DC bus voltage waveforms.

The result obtained in the frequency domain is
validated in the time domain since all the
waveforms present a low frequency amplitude
modulation at a frequency equal to 4.35 Hz.
Fig.

10: 25 kV Project - Case 3. Time domain
simulations: Pantograph voltage, Catenary
current and DC bus voltage waveforms.

2.2 Traction chain supplied by a
15 kV / 16.7 Hz network (15 kV Project)
The project studied in this section consists of a
15 kV / 16.7 Hz network and a traction chain with
a topology similar to the 25 kV Project. The
installed power of this traction chain is 1 MW. This
project will be called “15 kV Project” in the rest of
this document.
Figure 11 shows the stability limit curve of this
system when the absorbed power on the DC bus
(Pdc) is 100 kW.

Fig. 12: Bode diagram of the system's eigenvalues
(15 kV Project - Case 1).
Unstable

Time domain simulation:

Stable

The waveforms of the voltage and the current at
the pantograph as well as the DC link voltage of
the traction chain are presented in Fig. 13. This
time-domain simulation effectively shows that the
system is stable.

Fig. 11: Stability limit curve of a traction chain supplied
by a 15 kV / 16.7 Hz network (Pdc = 100 kW).

Three network impedance values were tested in
order to validate this stability study (stable, stability
limit and unstable). For time domain simulations,
the voltage source amplitude has been adapted
according to the network impedance used in order
to always have a pantograph voltage equal to
15 kV.
▪ Case 1: Stable system
R = 110 Ω; L = 1.45 H:
Frequency analysis based on admittance matrix
measurement and Rever’s criterion applied to the
system’s eigenvalues:

Fig.

Figure 12 shows the Bode diagram of the system’s
eigenvalues. This system is stable since the gain
of the first eigenvalue is negative when its phase
is around (-180°) and the phase of the second
eigenvalue is always greater than (-180°).

▪

13: 15 kV Project - Case 1. Time domain
simulations: Pantograph voltage, Catenary
current and DC bus voltage waveforms.

Case 2: System at its stability limit
R = 110 Ω; L = 1.79 H:

Frequency analysis based on admittance matrix
measurement and Rever’s criterion applied to the
system’s eigenvalues:
Figure 14 shows the Bode diagram of the system’s
eigenvalues. This system is at its stability limit

since the gain of eigenvalue 1 is almost zero dB
when its phase is around (-180°) and the phase of
the second eigenvalue is always greater than
(-180°). The oscillation frequency is 2.2 Hz.

Figure 16 shows the Bode diagram of the system’s
eigenvalues. This system is unstable since the
gain in dB of one of its eigenvalues is positive
when its phase is equal to ( -180°).

Fig. 14: Bode diagram of the system's eigenvalues
(15 kV Project - Case 2).

Fig. 16: Bode diagram of the system's eigenvalues
(15 kV Project - Case 3).

Time domain simulation:

Time domain simulation:

The waveforms of the voltage and the current at
the pantograph as well as the DC link voltage of
the traction chain are shown in Fig. 15.

The waveforms of the voltage and the current at
the pantograph as well as the DC link voltage of
the traction chain are shown in Fig. 17. The system
is unstable because all the curves diverge.

Fig.

▪

15: 15 kV Project - Case 2. Time domain
simulations: Pantograph voltage, Catenary
current and DC bus voltage waveforms.

Case 3: Unstable system
R = 110 Ω; L = 2.17 H:

Frequency analysis based on admittance matrix
measurement and Rever’s criterion applied to the
system’s eigenvalues:

Fig.

17: 15 kV Project - Case 3. Time domain
simulations: Pantograph voltage, Catenary
current and DC bus voltage waveforms.

3 Evolution of the stability limit as
a function of the supply network
(25 kV Project / 15 kV Project)
Fig. 18 shows the traction chain stability limits of
the 25 kV Project and 15 kV Project, both plotted
in the complex impedance plane (R, X).
Fig. 19: Equivalence between the number of traction
chains and the value of the network impedance.

As a result, the stability limit of a system composed
of four identical traction chains of the 25 kV Project
is determined by dividing the impedances allowing
to bring a system with only one traction chain to its
stability limit. This was verified by simulation by
multiplying by four the current drawn by a traction
chain (Fig. 20).

Fig. 18: Evolution of the stability limit as a function of
the supply network (Pdc = 100 kW).

XT0 corresponds to the intersection of the stability
limit curve and the vertical axis and can be
considered as a distinctive parameter of a given
traction chain.
XT0 value obtained for the 15 kV Project is lower
than the value obtained for the 25 kV Project which
is coherent with the network frequency ratio.
Nevertheless, it should be noted that the ratio is
not exactly three (frequencies ratio) because there
are other factors which may influence the stability
limit (the value of DC link capacitance (Cbus) and
secondary winding leakage inductance (Ls)).

4 Influence of the number of
independent traction chain on its
stability limit
As explained in [3], [5], [6] a system composed of
𝑛 identical traction chains is equivalent to a system
with a single traction chain fed through the
impedance 𝑛 ⋅ 𝑍 (Fig. 19).

Fig. 20: Stability limit of a system with four traction
chains supplied by a 25 kV / 50 Hz network.

5 Influence of the number of nonindependent 4-Q rectifiers in a
traction chain on its stability
limit
In the previous section, two 4-Q rectifiers were
functional. In this section, the traction chain is the
same as shown in Fig. 3 but one 4-Q rectifier is
inhibited. Figure 21 highlights the influence of the
number of non-independent 4-Q rectifiers on the
stability limit curves.
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